This paper presents the control system design for a piezoelectric actuator (PEA) for a high-speed trajectory scanning application. First nonlinear hysteresis is compensated for by using the Maxwell resistive capacitor model. Then the linear dynamics of the hysteresis-compensated piezoelectric actuator are identified. A proportional plus integral (PI) controller is designed based on the linear system, enhanced by feedforward hysteresis compensation. It is found that the feedback controller does not always improve tracking accuracy. When the input frequency exceeds a certain value, feedforward control only may result in better control performance. Experiments are conducted, and the results demonstrate the effectiveness of the proposed control approach.
Introduction
Due to many advantages such as high output force, high resolution, fast response, high stiffness, no backlash, and no friction, piezoelectric actuators (PEAs) have been increasingly used in high-precision scanning applications, e.g., scanning tunneling microscopy [1] [2] [3] . A common scanning trajectory is the triangular waveform [4] [5] [6] [7] . In recent years, demand for high-throughput systems such as imaging the time-varying nature of the specimen under investigation, e.g., movements of biologic cells or the formation of surface features during materials processing, have posed new challenges for triangular trajectory scanning using PEAs [2, 3] . The nonlinearities and dynamic behavior of the PEA-based positioning system are the major factors that limit speed and accuracy.
Hysteresis in PEAs often refers to rate-dependent voltage-displacement nonlinearity of a non-smooth and nonmemoryless nature. Actual observed hysteresis shows rate dependence due to the coupled dynamic effect [8] . Hysteresis causes amplitude-dependent frequency responses or amplitude-dependent gains. Hysteresis limits the performance of PEAs, such as tracking precision and stability [2] . Driving a PEA by a charge amplifier can reduce hysteresis [2, [9] [10] [11] ; however, charge amplifiers are not widely adopted [12] . Operating a PEA in a linear range, e.g., 10% of the maximum travel range [13] , and keeping the excitation signal as small as possible can also minimize hysteresis effects, but this restricts the usefulness of a PEA. Thus, elimination of hysteresis has attracted significant attention in the past.
Creep is a rate-dependent material nonlinearity in which the material continues to deform under a constant load. It is the effect of the remanent polarization, which continues to change over time even though the applied voltage has reached a constant value. Creep is more prominent in low-frequency applications and affects absolute positioning in slow or static applications. It is negligible when a PEA is operated fast enough and over short duration and can also be removed using feedback techniques. Several models have been proposed for modeling of creep, for example, fractional-order dynamics [8, 14] .
Dynamic effect is caused by amplifier and mechanical fixtures. This behavior becomes more obvious when a PEA is operated at high frequencies. It can be represented by a linear system of an appropriate order.
Many feedback techniques, such as integral control [2] , proportional-integral-derivative (PID) [15, 16] , robust linear control [17] , and sliding mode control [18] [19] [20] [21] , have been developed to deal with hysteresis nonlinearity and improve the accuracy and stability of nano-positioning systems. Feedback controllers usually employ high gains at low frequencies to overcome creep and hysteresis effects. However, feedback control alone is insufficient, especially at high frequencies, due to the reduced open-loop gain at high frequencies and the effects of nonlinearities.
Feedforward compensation strategy has also been widely used to deal with hysteresis and dynamic behavior in PEAs via generating a preshaped input by passing the desired trajectory through the inverse model. Preisach [13, 22] , PrandtIshlinskii [12, 23] , and Maxwell resistive capacitor (MRC) [24] [25] [26] models, as well as their extended versions that are capable of representing the creep effect simultaneously [8, [27] [28] [29] , have been used for hysteresis modeling and compensation. To handle the high-frequency dynamic behavior and the hysteresis effect, a PEA is also modeled as a cascade connection of a linear system and a hysteresis block [3, 11, 13] , and then both effects are compensated for by using the respective inverse models [13] . Feedforward compensation can be implemented without additional sensors and is quite suitable for applications where reference trajectories are known. However, it is challenging to develop a priori accurate model since model parameters can hardly be known accurately, can change over relatively long time intervals due to aging effects, and are sensitive to temperature change. Disturbances, unmodeled dynamics, and noises also affect positioning performance.
Thus, feedforward compensation is usually combined with feedback techniques to increase bandwidth, improve precision at high frequencies, and deal with modeling errors, uncertainties, noises, and disturbances [2, 11] . Feedforward and feedback can be integrated in different ways such as (a) feedback linearization first and then feedforward compensation based on the inversion of the resultant closed-loop system to improve high-frequency performance [13, 30] ; (b) augmenting the feedback controller with a feedforward loop [16, 31] .
The frequency response of the PEA has the following features: (a) the magnitude decreases with frequency slowly at low frequencies and rapidly at high frequencies, and (b) the magnitude is amplitude-dependent. The slow decrease in magnitude at low frequencies is caused by creep and can be handled by feedback techniques easily. The rapid decrease in magnitude at high frequencies is caused by the dynamic effect of the nanopositioning system, mainly the bandwidth limitation of the amplifier and the low-damping vibrational dynamics of the PEA positioning system. The amplitude dependence of magnitude is due to hysteresis. The open-loop gain is low if the input amplitude is low and vice versa. This feature gives rise to difficulties in feedback controller design. A high-gain feedback controller may lead to instability when the input has large amplitude. Reducing the controller gain may cause large tracking errors.
Considering the foregoing features, this paper presents a new approach, as shown in figure 1 for high-speed triangular trajectory scanning using a PEA. First the hysteresis is compensated for to remove the amplitude dependence of magnitude. Then a feedback controller is designed for the hysteresis-compensated PEA (HPEA) to deal with the compensation errors and model uncertainties. Since the hysteresis has been compensated for, simple feedback controllers can be designed. A feedforward controller is further designed based on the frequency response of the HPEA to increase the system bandwidth. A Maxwell resistive capacitor (MRC) model is used to model and compensate for the hysteresis because it is quasi-static. The compensation results in little loss in the fast response of PEAs and requires little computational effort [8] . This approach is different from the approaches presented in [13, 30] . First, in [13, 30] , the linear vibrational dynamics of a PEA were obtained with hysteresis neglected by using a small-amplitude input. Then the system was linearized using high-gain feedback with a notch filter to increase the gain margin. For the approach proposed in this paper, the PEA is linearized by compensating for the hysteresis by using the inverse MRC model. Then the remaining dynamics are identified as a linear system. Second, in [13, 30] , the feedforward controller is designed based on the inverse dynamics of the closed-loop system. In our approach, the feedforward loop is designed based on the HPEA to augment the feedback controller and enhance performance at high frequencies. With this approach, a precise linear result can be obtained with little loss in bandwidth, which enables simple feedforward and feedback controller design. This paper is organized as follows. Section 2 describes hysteresis modeling and compensation. Section 3 presents feedback/feedforward controller design. In section 4, experimental results are included to demonstrate the effectiveness of the proposed approach. Section 5 concludes this paper.
System modeling and identification
As mentioned earlier, a PEA can be modeled as a cascade connection of a linear system and a hysteresis block [3, 11, 13] . As shown in figure 2 , the PEA-based nanopositioning system consists of an amplifier, a piezoactuator, and a sensor. The amplifier and the sensor can be represented by linear systems G a (s) and G s (s), respectively. The piezoactuator is modeled as a cascade connection of a linear system G p (s) and a hysteresis block . Thus, the PEA-based nanopositioning system can be represented by a cascade connection of the hysteresis block  and a linear system G(s), where
Modeling, identification, and compensation of hysteresis
Hysteresis in PEAs can be modeled by a modified MRC model [8] , which is described by are the capacitance and saturated voltage of SC i , u and x are the voltage applied on a PEA and its displacement output, and T is the effective displacement-to-charge electro mechanical transfer ratio. To avoid singularity in simulation, SC n+1 is a pure capacitor or a voltage-limited capacitor with sufficiently large saturation voltage that it will never be saturated. Thus,
The principle of this model is as follows. When the applied voltage increases or decreases monotonically, the voltage/displacement gain of this model is piecewise linear, which is used to fit the nonlinear input/output gain of the PEA. When the direction of the applied voltage switches, the voltage-limited capacitorʼs saturation feature causes a sudden switch in voltage/displacement gain. This is used to characterize the sudden switch of the input/output gain of the PEA at the endpoint of the hysteresis loop. A detailed physical interpretation of this model can be found in [8] . When a voltage is applied to the MRC model, it is distributed to the unsaturated voltage-limited capacitors inversely proportional to their capacitance. Thus an iteration is needed to calculate the distribution and consequently the charge of each voltagelimited capacitor. Then the displacement is obtained by equation (4) .
The model parameters are identified through the following two steps. First, a set of initial parameters is calculated by fitting the initial rising curve with + n 1 linear elements [24, 25, 32] . Then the optimal parameters are obtained by solving the following minimization problem:
where N is the number of samples and MRC refers to the modified MRC model operator. A triangular excitation with stepwise decreasing amplitude is usually employed to excite the PEA. To minimize the coupled dynamic effects, a low fundamental frequency should be selected. Hysteresis is compensated for by connecting the inverse MRC model with the PEA in series. Since equations (1)-(3) describe a general bidirectional relationship between the input voltage and the output displacement, the inverse MRC model can be constructed directly: each elementʼs output voltage is calculated directly when the desired displacement serves as input, and the sum of each elementʼs voltage gives the total output voltage. The inverse MRC model shares the same parameters with the MRC model.
Modeling and identification of dynamic effects
In the literature, linear systems are usually identified directly from a PEA with small-amplitude excitation [3, 11, 13] ; see figure 3(a). This ignores the hysteresis-induced amplitude dependence of magnitude. In this paper, a different approach is proposed as shown in figure 3(b) . First the hysteresis is compensated for. Then a linear system is identified from the hysteresis-compensated PEA (HPEA). The hysteresis effect is fully taken into consideration by measuring the frequency response of the HPEA. The hysteresis compensation error is treated as model uncertainty.
Goldfarb and Celanovic used a second-order system to represent the dynamic effect of the mechanical part [24] . In addition, considering the first-order dynamics of the sensor and the second-order dynamics of the amplifier, the following The multiplicative model uncertainty is calculated from the measured frequency response of the hysteresis-compensated PEA, ω
m m Then a candidate uncertainty boundary W(s) can be obtained and used to check the stability of the designed feedback controller.
Control system design
In this section, a feedback controller is designed for the identified linear system and then augmented by an inversebased feedforward compensation. The control performance is analyzed under plant uncertainty.
Feedback controller design
To demonstrate that a simple controller can achieve good tracking results, a proportional plus integral (PI) controller is designed:
The system G(s) is type 0; therefore, a proportional term will cause a large error when the input signal is ramp. That is the reason why an integral term is employed.
Using the frequency-response method, the proportional and integral gains are chosen so that the open-loop system has sufficiently large crossover frequency. Then these parameters are optimized by minimizing the integral of the time-weighted absolute error (ITAE):
The robust stability is guaranteed if
is the complementary sensitive function [33] . Thus, the designed parameters will be checked based on whether the condition in equation (10) holds.
Feedforward compensation
Due to bandwidth limitation, at high frequencies, there is an obvious phase lag and the magnitude decreases quickly. This is caused mainly by the bandwidth limitation of the amplifier and the low-damping vibrational dynamics of the PEA positioning system. Thus, the performance of tracking a triangular waveform with high fundamental frequency may not be achieved. The active damping controller can be developed to improve the tracking bandwidth [2, 11, 34, 35] . In this paper, the feedforward control is employed to improve tracking performance at high frequencies.
For a desired periodic triangular scanning trajectory y t
the Fourier series is
and ω π = kf 2 k with f being the fundamental frequency of the triangular waveform. Then the following inverse-based feedforward input generates exactoutput tracking.
However, in practice, the plant G cannot be known exactly due to the model errors.
k are measured directly from the frequency response of the system, they cannot be obtained precisely due to noises, disturbances, and uncertainties. Meanwhile, the identified model is accurate for only a finite bandwidth. Therefore, the feedforward input is approximated by the first m harmonics of the desired trajectory:
Finally the feedforward input is added to the feedback control loop, as shown in figure 1 . The feedforward generates a rapid input and does not share the bandwidth with the closed loop. Thus, with the feedforward enhancement, the system response becomes faster and the feedback controller reduces the error caused by noise, uncertainty, and disturbance.
Tracking performance analysis
Using the feedforward compensation alone, the tracking error is given by
With the feedforward/feedback control, the tracking error can be obtained as
where the sensitivity function is
Comparing equation (14) with (15), one can conclude that
fbff ff
That is to say, the feedback loop enhances the tracking performance when the magnitude of the sensitive function is smaller than 1. Equation (18) is referred to as the feedback acceptable condition.
Experimental study

System setup
A piezoelectric nano-positioning system, shown in figure 4 , has been acquired by the Spacecraft Dynamics Control and Navigation Laboratory (SDCNLab) of York University for research on the dynamics and control of piezoelectric actuators. It consists of a piezoelectric nano-positioner P-753.1CD from Physik Instrumente, which is integrated with a capacitive sensor and driven by an E-625 piezo amplifier/controller. A host-target rapid prototyping system is employed with MATLAB Real-Time Workshop and xPC Target. The target computer is equipped with a data acquisition and control card PCI-6289 from National Instruments Corporation, having 32 18-bit A/D channels and 4 16-bit D/A channels. The PCI-6289 acquires the output displacement of the PEA from the capacitive sensor and converts the control command into an analog signal, which is further amplified by the E-625 to drive the PEA. Experiments are carried out with a sampling rate of upto 100 kHz at room temperature.
Open-loop performance
The hysteresis loop shown in figure 5 is generated by exciting the PEA with a triangular waveform with stepwise decreasing amplitudes. The ascending curves do not coincide with the descending ones for a given input. The input nonlinearity denotes the maximum difference as δu (shown in the figure), normalized by the the peak-to-peak value of the reference input. Similarly, the maximum difference in outputs between the ascending and descending curves (δy) is normalized and referred to as the output nonlinearity. As shown in figure 5 , the input and output nonlinearities are up to 11.84% and 13.14%, respectively.
A frequency response of the PEA is also obtained for signals with different amplitudes, as shown in figure 6 . The PEAʼs frequency behavior is complicated: (a) the magnitude decreases with frequency slowly at low frequencies and rapidly at high frequencies, and (b) the magnitude is amplitude-dependent. The slow decrease in magnitude at low frequencies is caused by creep and can be handled by feedback techniques easily. The rapid decrease in magnitude at high frequencies is caused by dynamic effects of the nanopositioning system, mainly the bandwidth limitation of the amplifier and the low-damping vibrational dynamics of the PEA positioning system. These greatly restrict the scanning frequency. The amplitude-dependent magnitude is due to the hysteresis. The open-loop gain is low if the input amplitude is low and vice versa. 
Hysteresis identification and compensation
A triangular excitation with stepwise decreasing amplitude is applied to the PEA. The fundamental frequency is 1 Hz and the sampling rate is 10 kHz. Following the procedure in section 2.1, the parameters are identified and given in table 1. The inverse MRC model is built directly from equations (1)- (3) with parameters in table 1. The hysteresis is compensated for by connecting the inverse model and the PEA in series. Figure 5 also shows the hysteresis loop of the compensated PEA, as compared with the uncompensated one. The input and output nonlinearities of the HPEA are 0.4% and 0.38%, respectively. Compared with the uncompensated ones, they have been reduced by 96.96% and 96.78%, respectively. The frequency response of the HPEA is illustrated in figure 7 . Compared with the frequency response of the PEA in figure 6 , the amplitude-dependent feature has been removed at low frequencies (up to 1 kHZ), and an excellent linear result has been obtained. As MRC model is quasi-static; the compensation causes little loss in bandwidth.
Identification of dynamic effect
The dynamic effects are identified from the frequency response of the HPEA with the model given in equation (6) . The parameters are given in table 2. Figure 7 shows the frequency responses of the identified model G(s). It can be seen that the identified result gives a good fit with the experiment.
As mentioned earlier, the compensation error is treated as multiplicative model uncertainty. It is measured for different operation conditions, i.e., DC offset from −1.5 V to 1.5 V and amplitude from 0.5 V to 2.5 V, and the results are shown in figure 8 . To design the feedback controller, the following uncertainty bound candidate is employed: which is also shown in figure 8 .
Using the method given in section 3.1, the parameters of the feedback controller are designed and are listed in table 2. The robust stability of the designed controller is guaranteed since
The simulated and experimental frequency responses of the closed-loop system are shown in figure 9 . The simulated results can predict the system performance perfectly, which demonstrates the effectiveness of the hysteresis compensation-based system linearization. An excellent tracking performance can be achieved at low frequencies. However, as mentioned earlier, due to the bandwidth limitation of the closed-loop system, there is an obvious phase lag and the magnitude decreases quickly at high frequencies.
Feedback acceptable condition
Based on the identified model, the feedback condition obtained from equation (18) approximates to 425 Hz. To verify these results, sinusoidal signals with amplitude of μ 0.5 m and different frequencies are applied to the system. Figure 10 shows the experimental feedback acceptable condition, where NRMSE represents the normalized root mean square error. The feedback loop improves tracking precision when the input frequency is lower than 450 Hz and causes the tracking errors to increase when the input frequency is higher than 500 Hz. These results validate the correctness of the acceptable condition obtained in equation (18) . However, due to the uncertainties, noise, and disturbances in the real system, the acceptance condition is not a fixed number but varies for different operation conditions. By applying signals with different amplitudes, table 3 gives the frequencies of the experimental feedback acceptable conditions, under which the feedforward and feedback/feedforward control schemes have similar performance.
Tracking performance
The tracking results for a 300-Hz triangular waveform with feedback control, feedforward control, and feedback/feedforward control are shown in figure 11 . In these experiments, the first 9 harmonics are used to calculate the feedforward input. As mentioned earlier, with feedback alone, the phase lag and gain reduction of a PI controller cause large tracking errors. Faster response and smaller tracking errors are achieved with feedforward only or feedback/feedforward control schemes. The NRMSEs for both cases are given in table 4, and the maximum errors are μ 0.22 m and μ 0.12 m, respectively. Thus, the feedback controller improved the tracking performance. More results for different operation conditions are given in table 4. The tracking errors tend to increase with frequency due to large uncertainty at high frequencies, and robust performance is obtained for different amplitudes. However, the feedback loop does not always improve performance. At sufficiently large frequencies, i.e., 700 Hz and 800 Hz, the performance with the feedback/ feedforward scheme is worse than that with feedforward only. Actually, these frequencies have exceeded the bandwidth of the closed-loop system.
Discussion
The effectiveness of the linearization of the nano-positioning system using hysteresis compensation enables the design of a simple linear feedback controller and an inverse-based feedforward compensator. The feedforward alone improves the response speed, but it can hardly handle the remaining uncertainties and disturbances. At low frequencies, the feedback alone can achieve a satisfactory performance. The combination of feedback and feedforward can achieve a better performance at high frequencies compared with those cases with feedback or feedforward alone. However, the feedback loop does not always reduce tracking errors. When the frequency of the reference signal is sufficiently high, the feedback loop may cause the tracking performance to deteriorate. In this case, it is better to use feedforward only. Considering the remaining uncertainties in the system, there is not a fixed frequency value beyond which feedforward only will result in better performance. Thus, experiments are required to determine this frequency for a specific operation condition. At the same time, truncation of input preshaping also introduces errors. Increasing the harmonics number can reduce the truncation error; however, it will introduce a new error due to the model uncertainty at the frequencies of the added harmonics. Also, this error reduction will get smaller as the harmonics number increases; see equation (11) . The newly introduced error may exceed the reduced error since the model uncertainty increases with frequency; see figure 8 . The increase in the harmonics number does not always reduce the tracking error [36] . Therefore, the harmonics number is also required to be determined experimentally. For scanning applications, the desired trajectory is a periodic signal; then the proposed inverse-based feedforward utilizes the Fourier transformation of the desired trajectory. However, for other applications, the desired trajectory may be arbitrary. Therefore, the feedforward can be replaced by other inverse-based feedforward approaches [2, 7, 9, 11] .
Conclusions
A control scheme is proposed for high-speed triangular trajectory tracking using piezoelectric actuators. A linearized system is obtained through hysteresis compensation with an inverse Maxwell resistive capacitor model. This allows the design of simple linear feedback controllers and inverse-based feedforward compensation. Feedback and feedforward are combined to improve tracking performance. The feedforward controller increases response speed, whereas the feedback controller improves tracking accuracy. It is also found that feedback control does not always improve tracking performance. It may cause the performance to deteriorate when the frequency is sufficiently high. Thus, if the frequency exceeds a certain value, feedforward only may result in better tracking performance. 
